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A Characterization of a Polya-E-serberger and Other

Discrete Distributions by Record Values

Ramesh i. Korwar

University of .A1ssachusetts

Abstract

Let Y, X2, ..... , be a se'Uence of LndefeAdent and identically

Lstributed discr- te random vtriabies. refine the sequence - .,n)

by ',=i, J~n=in An-I;, X X n-1) , n=2, ..... Let

" =X T hen R is tie seuence of record v-.iuez. By convent-on

-zre a chracter__ization of a Polya-_ajenber :er and other

dixcreze ,:.istributiris incl.ifi:iC the seometric, is ...ade by the line,-rity

of re res-icn of 2 n .
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A C!IARACTERIZATION OF A

POLYA-2GGLN3bRG ;R AND OTHER DISCRETE

DISTRIBUTIONS 3Y RECORD VALUES

by

R M KORWAR

Indian Statistical Institute

and

University of Massachusetts

SUMMARY. Let Xl, X2 , ..., be a sequence of independent

and identically distributed discrete random variables. Define

the sequence {N(n)1 by N(1)=l, N(n)=min j *?N(n-I),Xj>XN(n-I) 2

n=2,,....Let Rn=XN(n)" Then jRnj is the sequence of record

values. By convention R1 =X1 . Here a characterization of a

Polya-Eggenberger and other discrete distributions including

the geometricIis made by the linearity of regression of R2 -R1 n Rr

Consider a sequence X, X1 , X2 ,... of independent and iden-

tically distributed (i.i.d discrete random variables (rovj with

P(x)) =Pj ,j=or...m (1)

Here m is either a positive integer or 00. D'efine

N(1)-I, N(n)=min fjI j.N(n-l),. Xj >XN(n I . n=,,,

RI=XI and Rn=XN(n). n=2,",. .. Then {Rnf is the sequence of

record values and N(n)I the sequence of times at which record

values occur.

In this note we characterize the ,emetric, a Polya-

Eggenberger ane a generalized hypergaometric distribution

by linearity of re'zression of R2 -R1 on RI . Thus the

iResearch sponsored b- the Air orce Office of Scientific

Researci, A&S:, U;A, under Grant A:OSR-CO-0219.
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characterization given here extends Theorem 2 of Srivastava

(1979) characterizing the geometric by the constancy of

regression of R2-R1 on R1 .

Consider for X one of the following distributions.

pf(1-p) c 1-cp , j-1,2,.., (2)
0

0 < 1.
PJ = (p)fa- )b + ), j=l,,., n+l, (3)

a o; r.> o; n int e fral; n-b-l o; b <o, "r--l.

and

= (l-p) ( an j =1,2,...,
a< o; n < o; n--l o; a+i+l> o. (a

Distribution (2) is a geo - etric distribution, () and (7a) are

versions of generalized hypergeometric distribution; Type 2A

and T'rpe IV, as described :)y Kemp anc, Kemp (1956). For a=-l,

C) can be recast as

( n A(A+s),..i(A+-j-72s) 3(B+s),..,(B+n-C-1l--B),' ~ pj j (-o -1)...

, •b(A+-J) (A+;+s) .. ,( A+B+i- s)

j=l,.., n+1 (3b)

with A=l , B=-b, s=l. An exa.iple of a Polya-LS.enberger

distribution is (7b).

I ie are now ready to prove the

Theorem: Lup:.ose X takes on onl', the values o,...,m

with positive prob:.'ilities r nd azsumc thr.t X has a fin.tr

expectation. Then

4 .I I Il I " I I I I I I I I I
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E(R2-R1  R ll=i) = a+iP a.s.

a,j Constants (4)
i=o, . .. ,m-1

if, and only if, X has either the geometric (2), or a Polya-

Eggenberger (3b) with A=1 and s=l, or a generalized hypergoo-

metric distribution (3a) with a=-l. Furthermore, P=o iff X is

geometric (2), P<o, 1 iff X is (3b) irithA r! .,.zl end 0.3"o

iff X is (3a) with a=-l.

Proof: First consider the ''only if'' part. Suppose (4)

holds. Now it is shown ir Srivastava (1979) that
m-iE(R2 -R I Rl=i) = n- i / i=o,..,m-i

2 11 p. + j p.13 j=i+l

Thus it folloTs that

rn-i=iJPi+j j' li+l p 1 (5)

and

M-i-i m
JPi+j+l =( +, P) . p. (6)j=l I =i2

Subtracting (6) from (5) we have
M2l -i~ pj =(a+ 1+-- P) Pi+l (7)

Replacing i by (i+l) in (7) and sustractinu the result

from (7), we finally obtain

Pi+2 / Pi+l ;(a+O'-1) / a+p(i+2) i=o, I,.... m-2.
SThis last result and (7) yield
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(=-l) .. (o+-' _)
P J=P l ( + ) . • • ( + )

and 

J=3. ,m.

p =(l+p) (l-pc) / (a+P). (9)

From (4) it follows that

(10)

We consider three cases (i) p=0, (ii) p<0 and (iii) .0.

The case 0=0 is already consideree by Srivastava (1979).His

result is included in (8) and specializin for O--0, (8) and

(9) give (2) with c=l/a.

Next consider the cases P0. Now, from (4), it follows

that

p/ 0 if, and only if, X is bounded (1.1)

If P<0 then a+o(m-l)=l (12)

Ie obtain (12) from (4) by pecilizing i=m-1. From (8) and (9)

it is clear that 0=-l leac's to the degeneracy of X at 0, e

contradition of the assumption of m being a positive integer.

For the cases BO (8) can be recast as

_ -i] [j-l] /[-l] (al ):...
Pj=PB1 j=l,...m (13)

(j
-here x is the ascening factorial,

E, [] [o]
x = x (x+l)...(x+j-l), j=l, 2,..., x =1;

pl is given by (9) andk B=l , and C=a/+ 2. (14)
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The product in the curled 'rackets in (13) is the coefficient

of ai-1 in the hypergeometric function

F(A;B;,g;g) ] A B / C j J
J=O

Thus (13) is the 3eneralizee hvuperqeome*ric istriution (3)

( or 3(a) ) with

a--l b~~ll, n=(=-)/ (15)

First suppose P<O. Then, from (12) and (15) we have that
n=m-l, and if m22, from (9), that b\o. Obviously, n-b-lo for

m7/2, Thus, for the case P<0, pfl and m?2 we have a generalizakr

hypergeometric distribution (3) with-parameters

a=-l, b=l+l/p and n=m-1. This distribution is also a Polya-

Eggenberge distribution (3b) with parameter A=l, B=-l/3,n=m-1

and s=l. However, (4) will not lead to any particular distri-

bution if m=l.

Finally assume 0' 0. From (15), we have that X has the

generalized hypergemetric distri.rution (3a) with the parameters

given by (15).

Now for the ''if'' part. Let X have (3) or (3a) with

a=-l. Then we have

Pj+l,/p =(j-l-n) / (b-n+j), j=l,2,..., m-l.

from which we get

m m
2kl jp j Z kl P =(b-n-l+bk) /(b-l), k=o,...,m-i

i ~ ~~~ MlI kII I III _ III l
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which in turn yields (4) with a=(b-n-l)/(b-1) and

p=b/(b-1). Hence the ''if" part is proved.
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